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W. Sierpinski, in his book “A Selection of Problems in the Theory of 
Numbers”, proposed the finding of all the integer solutions of the Diophantine 
equation y2 + 18 = x3 as a challenge problem. In the present paper we 
solve Sierpiriski’s problem by proving that the only integer solution of the 
equation ye + 18 = x3, y  positive, is x = 3, y  = 3. 
There are many problems in the theory of numbers which, despite the 
passage of many years, have continued to arouse great interest among 
mathematicians. One such problem is the determination of all the integer 
solutions of the Mordell Diophantine equation 
Y2 - k = x3. (1) 
It is well known that the solution of (1) is equivalent to the solution of a 
finite number of equations (a, b, c, d> = 1, where (a, b, c, d) is a binary 
cubic form. These equations have positive or negative discriminants 
according as k < 0 or k > 0, respectively. 
At present, relatively little is known about the theory of representations 
of integers by binary cubic forms. In this respect, the theory is better 
developed for forms with negative discriminants, and, in fact, all integer 
solutions of (1) have been found for 0 < k < 100 [l]. The equivalent 
problem for forms with positive discriminants is more difficult and 18 cases 
of (1) are still unsolved for 0 > -k > -100 [3]. 
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One of these cases is the equation 
y2 + 18 = x3. (2) 
The solution of this equation was posed as a challenge problem by the 
famous Polish mathematician W. Sierpiriski [5, p. 1121. In the present 
paper we shall solve Sierpinski’s problem by proving the following 
THEOREM. The only integer solution of the equation y2 + 18 = x3 
with y > 0 is x = 3, y = 3. 
Before beginning the proof of our theorem, we state the following 
fundamental factorization theorem, which we will use throughout our 
proof: 
THEOREM A [3, pp. 4-51. Let R be a Gaussian semigroup and suppose 
that c@ = yn, where 01, /I, y are elements of R and n is a positive rational 
integer. Suppose further that (a, j?) = 8, and that 6 is divisible by r primes pi 
in R, i = 1, 2 ,..., r. Then we can write 
a: = A&, , P = Bx% , 
where AB is the n-th power of ni=, pi , Ed and ez are units of R, l leZ is the 
n-th power of a unit of R and [, x are elements of R. 
Proof. Suppose R is Gaussian and $3 = y”. Then we can write 
(y = E1py . . . pFqfl . . . q2, 
p = E2P:’ ...p;uF . . . gg, 
where the p’s, q’s and u’s are distinct primes in R, the CQ’S, /Ii’s, yi’s, &‘s 
are nonnegative rational integers, and cl , Ed are units in R. Thus 
CQ + yi = tin, i = 1, 2 ,..., r, 
41 
81 . . . qp = p, 
61 . . . 
Sl m 
$%n= n X7 
ElE2 = P) 
where [, x are elements of R and E is a unit of R. The theorem now follows 
by setting 
and 
A rp”l’ ...p; 
B = p:’ ---p:‘. 
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We now return to our problem and note that any integer solution of (2) 
must have x and y both odd, as is seen by taking congruences modulo 4. 
We next prove 
LEMMA 1. Equation (2) has no solutions with 3 I x. 
Proof. Note that 3 r x implies 3 +’ y. We write (2) as 
(y + 3i 1/2)(y - 3i d2) = x3. (3) 
Any common factor of the two factors of the left-hand side of (3) must 
divide 6i 62. Further the only primes in Q(i 2/2) dividing 6i 2/2 are i 1/2, 
1 + i ~‘2 and 1 - i ~‘2. Since the ring of integers of this field is a unique 
factorization domain and an integral basis for the field is (1, i d2), 
we obtain, by Theorem A, that 
y + 3i 42 = a(a + bi .\/2)3, (4) 
where (II is a divisor of 
(i d2)3 (1 + i 2/2)3 (1 - i d2)3. 
Equation (4) implies 
y2 + 18 = N(a) N[(a + bi 42)p = x3, 
where N denotes the norm in Q(i 42). Since y is odd, 2 { N(a) and 
thus i d/2 ‘i 01. Further, since 3 T y, 3 Y N(a), and thus neither 1 + i d/2 
nor 1 - i 1/2 divides 01. Thus we conclude that cy = 1, and (4) yields 
y + 3i 1/2 = (a + bi .\/2)3. 
This yields 3a2b - 2b3 = 3, which is impossible. 
Thus any integer solution of (2) must have both x and y divisible by 3. 
We now prove 
LEMMA 2. Zf 3 j x, the solution of (2) reduces to the solution of the 
binary quartic equation 
U4 - 18U2V2 + 24UV3 - 27V4 = 1. (5) 
Proof. Since 3 / x, we can set x = 3x, , y  = 3y, and get 
or 
3x13 - 2 = yo2, 
where y, = 2y, . 
12x,3 - 8 = y12, (6) 
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We note that x1 3 1 and that (ul ,3) = 1, since the congruence 
3x13 + 1 = 0 (mod 9) is impossible. Equation (6) may be written 
(xle - 2)(x,282 + 2x,8 + 4) = y12, (7) 
where o3 = 12 and B is real. From Selmer [4], we obtain the following 
properties of the field Q(0): 
(1) An integral basis for Q(0) is (1, 8, P/2}. 
(2) The ring of integers of Q(0) is a unique factorization domain. 
(3) The field has one fundamental unit, c0 , namely 1 + 38 - (3e2)/2. 
(4) 2 = (2 + e + mr2)3 Ed and 3 = (3 + 8 + (82)/2)3 E,, . 
We now return to (7) and note that any common factor of the two factors 
of the left-hand side of that equation must divide 
-txle - 2)~ + x,2e2 + 2xle + 4) = 6x1e. 
Thus any such common factor divides 6x,8 and 6(x,0 - 2) and thus it 
divides 12. Since the only primes in Q(B) which divide 12 are 2 + t9 + (e2)/2 
and 3 + 0 + (e2)/2, it follows from Theorem A that 
xle - 2 = ac(~ + Be + (ce2)/2)2, (8) 
where 01 is a divisor of 
(2 + e + m/2)2 (3 + e + mm 
E is a unit in Q(e), and A, B, C are rational integers. 
Without loss of generality, we may assume that E = 1 or E,, and that 
01 contains no square factor. Taking the norm of both sides of (8), we obtain 
12x13 - 8 = N(or)[N(A + Be + (cey2)y = y12, 
which implies that N(a) is a square. Further, since 3 + y, 3 r N(a), and thus 
3 + 0 + (e2)/2 -Y ~11. If N(a) is even, this last equation also yields 4 I N(a). 
This implies that (2 + 0 + (82)/2)2 1 a, which contradicts the fact that 01 
contains no square factor. Thus we conclude 
xle - 2 = (A + Be + (ce2)/2)2, (9) 
or 
x,e - 2 = Eo(~ + Be + (ce2)/2)2. 
Equation (9) yields 
(10) 
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A2 + 12BC = -2, 
which is impossible modulo 4. 
Equation (10) may be written in the form 
2(x,0 - 2) = •~~(2 + 6 + (e2)/2)3 (A + Be + (Ce2)/2)2, 
or, on absorbing the squares and simplifying, 
16(xle - 2) = (4 + 28 + e2)(2u + 2be + ce2)2. 
Equation (I 1) yields 
(a” + 12bc) + 2(2ab + 3c2) + 4(b2 + UC) = 0, 
(a” + 12bc) + 3(2ab + 3c2) + 6(b2 + UC) = -2. 
From (12) and (13) we derive 
a2 + 12bc = 4. 
Further, (12) may be written 





Finally, (12) implies that a is even, and then (13) yields that c is even. 
Thus we conclude that either 
c = 2dh2 
2u -/- 2b f 5c = dk2, ’ (15) 
a + 26 + 4c = 2dhkc, 
or 
c = dh2, 
2u + 2b + 5c = 2dk2, (16) 
a + 26 + 4c = 2dhkq 
where E = + 1, d > 0 and d, h, k are rational integers. If we take E = 1, 
solve (15) for a, b, c, substitute the results in (14) and simplify, we obtain 
k4 - 4k3h - 12k2h2 + 56kh3 - 68h” = 4/dz. (17) 
If E = -1, we obtain (17) with h replaced by -h and thus we need not 
consider this case further. In (17) we see that d = 1 or 2. If d = 1, k is 
even and we obtain -68h4 = 4 (mod 16), which is impossible. Thus 
d = 2 and, setting k = U + V, h = V in (17) we get 
U4 - 18U2V2 + 24UV3 - 27V4 = 1. (5) 
Similarly, (16) leads to equation (5). 
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LEMMA 3. The only integer solutions of equation (5) are U 
v = 0. 
Proof. Equation (5) defines the ring R(1, 6, P, 63), where 
15’~ - 18& - 248 - 27 = 0. 
The roots of (18) are 
8 f 4.9011093607, 
8’ s= -3.6694298476, 
0” * -0.6158397566 + 1.05926993341, 






Thus, by the Dirichlet-Minkowski theorem on the group of units, R(B) has 
two fundamental units, or and c2 . 
Since the only roots of unity in R(B) are &l, (5) now implies 
iJ + ve = &ElmEZn. (20) 
We must now find all the units in R(B) of this special type. To this end, 
we must first determine a pair of independent units of R(B), then a pair 
of fundamental units of R(0). 
By the “scaling algorithm” [3, pp. 18-201, we find that 
N(a) = N(2693 + 16608 + 134302 - 3660”) = 64, 
IV@,) = N(125117 + 771180 + 6239502 - 17004e3) = 64, 
and 
N(fi3) = N(6853 + 70908 + 609702 + 12446”) = 64. 
Thus 
p,pp = y1/2 = (8 + 58 + 482 - ey2, 
p3,sp = y2/2 = (1261 + 13818 + 112382 + 229ey2. 
This yields the two units 
cl = (~,/2)~ = 19951094 + 213678658 + 17393865e2 + 3548965e3, (21) 
and 
with 
e2 = @I;” = -32 - 2188 - 13e2 + 12e3, (224 
l ;l = 317764804 + 1958597358 + 158467135d2 - 4318576583, 
and 
E,-l = (y,/2)2 = 178 + i 108 + 89082 - 2483. 2 (22’9 
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Now we find that 
l 1 A 955908994.26. 
El ' =L 0.000088430775, 
I c; r'; 0.00344, 
(23) 
and 
E2 * 0.033914957, 




This implies that the regulator of l 1 and Ed is nonzero, and it follows that 
Ed and Ed are independent. 
We must now prove that q and Ed are fundamental units of R(8). 
To this end, we apply the following theorem: 
THEOREM B [3, pp. 25-261. If there exist two independent units l 1 and e2 
in R(8) such that neither of the equations e1 = r’“, ~~~~~ = P holdsfor any 
rational integers m > 1, n > 1, any rational integer I and any unit T in 
R(B), then l 1 and EZform a pair of fundamental units in R(0). 
Proof. Let TV and TV be a pair of fundamental units of R[e]. Then 
we can write 
El = T;‘T;“, 
E2 = TilT?. 
Since c1 f 7m for m > 1, (a, , aJ = 1, and we can find two rational 
integers u and u such that azu - a,zi = 1. Let I = b,u - &u. Then we have 
where we may assume without loss of generality that alb, - azbl > 0. 
Since this last relation is impossible for a,b, - a,b, > 1, it follows 
that a,b, - a,b, = 1. This yields the two relations 
bz -a2 
-61 % T2 = El E2 , 
and the independence of cl and cg now yields the result of the theorem. 
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We begin our proof of the fundamental character of E~ and Ed by showing 
that cz is not a power of another unit of R(0). To this end, we first prove 
LEMMA 4. Ed is neither a square nor a cube of another unit in R(9). 
Proof. The fact that Ed cannot be a square of another unit of R(B) 
follows directly from (22b). Further, we note that fP = 0 (mod 3) if j is a 
rational integer greater than 3. This implies 
(a + be + co2 + d83)3 = a3 + b303 (mod 3). 
Since c2 = 1 + 0 - e2 (mod 3), c2 cannot be a cube. 
Now let (- 1) iDi denote the determinant formed from the matrix 
below by removing its i-th column, i = 1, 2, 3, 4: 
1 1 1 1 
e 8' 8" P 
82 (ey (en)2 (Py 3 
With the aid of a computer, we find that 
I D, I < 22.37, I D, / < 66.86, 1 D, / = I D, I < 155.62. (25) 
Now let rlln = a + be + co2 + d03, where a, b, c, d are rational 
integers. Then we have 
7lfn = a + btl + ce2 + d03, 
(~‘)lln = a + be’ + c(e’)2 + d(Q3, 
(~~)l/n = a + bf!?” + c(efl)2 + d(Oy, 
(~“)ll~ = a + bB” + ~(8”)~ + d(F)“. 
(26) 
Since the determinant of the system (26) is D1J2, where D is the discri- 
minant of R(B), and D # 0, we can solve (26) for a, b, c, d. After some 
laborious calculations. we find that 
d = D-WIDl,lin + D2(+ln + D3(~“)1/s + Dq(~“)l’n], 
-- 
c = D-1/2[0,&‘/” + D28’(T’)11n + D3~~(Tyn + Dq&(Tn)i’n] 
b = D-V2[D,(82 - 18) ,1/s + D,[(e’)2 - 18](+/” (27) 
+ D3[(f?")2 - 18](~")l/" + D,[(8”)2 - 18](7”)l/“]. 
Now, setting T  = l 2 and n > 5, we get from (19), (24) and (27) that 
c = d = 0 and I b I < 4. So if there are any units of the form l 2 = T2n, 
n > 5, 7 must be of the form a f 8, a 3 28 or a f 38. We now prove 
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there are no such units. We first see by taking congruences modulo 3 that 
N(u & 6) f - 1. Further, if N(a 5 0) = 1, U = a, I’ = &I must be 
a solution of (.5), and we obtain 
ua - 18u2 i 24~ - 27 = 1. 
But neither of these equations has a rational root, and thus there are no 
units in R(B) of the form a & 8. Similarly, there are no units in R(B) of 
the form a & 28 or a f 38 and it follows that Q is not a power of another 
unit of R(e). 
Now we must prove that the equation 
is impossible for all integers I and for any integer v > 1. To this end, 
we first prove 
LEMMA 5. The units Ed , l leZ and ~~62~ are neither squares nor cubes of 
units of R(B). 
Proof. The fact that e1 cannot be a square follows directly from (21). 
Since EKES is a square if and only if car;’ is a square and me; = (f13/2)2 
neither l lcZ nor QE;~ is a square. 
Further, since 
and 
(U + be + ce2 + d83)3 = ~3 + bW (mod 3), 
E1 = 1 - 8 + 83 (mod 3), 
ElE2 = 1 + 82 - 83 (mod 3), 
clc;l = 1 + 8 - 83 (mod 3), 
none of these units can be a cube. 
In (28) we now set 
and obtain 
I= kv + r, I r I < 44 
%E2 .=k 9 
where I r I < v/2 and v > 5. We consider two cases. 
Case I. r > 0. 
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where 0 < r/v < l/2 and v > 5. From this and from (24) it follows that 
I h 1 <: 62.6, I X’ I < 1 and / h” I < 15.89. Thus, using (27), we find 
Idl ~2, ICI <3, I b ( < 17. 
Finally, we solve (26) for a and find that 1 a 1 < 21. 
Case II. r < 0. 
Here we replace Ed by E;’ and obtain 
A = $-l/v = E;IqEp)‘lIY, 
where v > 5 and 0 < r,/v < l/2. As in Case I, we find that 
I h’ / < 46.5 and / X” I < 1. This yields 
I h 1 < 339.93, 
Idl ~2, ICI <9, Ibl < 11, Ial < : 18. 
Combining both cases, and using the fact that N(--•E) = N(E), we see that 
we must find all units with 0 < a < 21, j b / < 17, I c / < 9, I d j < 2. 
Now we ran a computer program to determine if there are any such units 
and found that the only such unit is 1. This, however, contradicts the 
independence of c1 and Ed , and it follows that Ed and Ed are a pair of 
fundamental units of R(B). 
Finally, we must solve 
u + ve = -&lmcZn. 
For this, we need the following theorem: 
(20) 
THEOREM C [3, pp. 31-321. Let Ed and l 2 be a pair of fundamental 
units of R(6) and suppose we find positive integer exponents y1 and yz 
such that 
(I) cTl = 1 (mod 4) EP E 1 (mod 4), 
(2) The condition qT~ZS = U + V6 (mod 4) holds only for 
r=s=O when 0 < r < 4, 0 < s < 4. 
Suppose further that 
where 
& = al + b,8 + c,e2 + d,e3 + 4A, 
t2 = a2 + b,8 + c2ti2 + d2ti3 + 4B, 
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4 ) a2 , 6, , b, , cl , c2 , dl , dz are rational integers less than 4 in absolute 
value and A and B are algebraic integers in R(8). Then ifA = c,d, - c,d, 
is odd, equaton (20) has no integer solution except m = n = 0. 
Proof: In (20) we set IFI = ,&LI -- r and II = j&v + s. Since condi- 
tion (2) holds only for r = s = 0, we may write (20) as 
i(U + w = (1 + 4U”(l + 40 
= 1 + 4(2& + &) + ... . (29) 
By inserting the values of .$I and f2 into (29), and equating the coefficients 
of e2 and e3 to zero in (29), we get two equations of the form 
ClU + c2;c’ + 4 [ (2”j I,, + uz,t,, + (5) j31] + * *. = 0, 
4u + d2v + 4 [(Yj Wll + uuw21 + (;j wgl] + **- = 0. 
Since A F 0 (mod 2), it follows from Corollary 2 of [6, p. 1621 that this 
last system of equations has no integer solutions except u = v = 0. 
Remark. Theorem C also holds if we replace 4 by p, where p is an 
odd prime, and the condition “A is odd” by “A + 0 (mod p)“. (See [3], 
pp. 29-3 1.) 
To solve (20), we first show that it holds only for m = n = 0 (mod 4) 
and then apply Theorem C. We write 
m = 4u + r, n = 4v + s, 
where r = 0, 1, 2, 3 and s = 0, 1, 2, 3, and find 
l l4 = 1 + 4.5, , f, = 1 + 8 + e2 + o3 + 4A, 
c24 = 1 + 4t2 , t2 = 1 - ti2 + 2e3 + 4B, 
(30) 
where A and B are algebraic integers in R(6). Treating (20) as a congruence 
modulo 4, we obtain 
V(r, 8) = (2 + e + 82 + ey (28 - ey (mod 4). 
Computing all possible values of V(r, s) modulo 4 we find that 
V(r, s) = U + Ve (mod 4) only when r = s = 0. 
Now from (30) we get c1 = c2 = 1, dl = - 1, dz = 2, which implies 
that A = 1. Thus, by Theorem C, the only solution of (20) is m = n = 0 
ON MORDELL’S EQUATION 321 
and thus the only integer solutions of (5) are U = fl, V = 0. Therefore, 
the only integer solution of the Diophantine equation y2 + 18 = x3 
with ~1 > 0 is x = 3, y = 3. 
DEDICATION 
The authors recently learned of the death of W. Sierpifiski and wish to dedicate this 
paper to his memory. (December 24, 1969). 
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